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We present an exactly solvable model of a hybrid quantum-classical system of a Nitrogen-Vacancy
(NV) center spin (quantum spin) coupled with a nanocantilever (classical) and analyze the enforce-
ment of the regular or chaotic classical dynamics onto to the quantum spin dynamics. The main
problem we focus in this paper is whether the classical dynamical chaos may induce chaotic quan-
tum effects in the spin dynamics. We explore several characteristic criteria of the quantum chaos,
such as quantum Poincaré recurrences, generation of coherence and energy level distribution and
observe interesting chaotic effects in the spin dynamics. Dynamical chaos imposed in the cantilever
dynamics through the kicking pulses induces the stochastic dynamics of the quantum subsystem.
However, we show that this type of stochasticity does not possess all the characteristic features of
the quantum chaos and is distinct from it. The phenomenon of the hybrid quantum-classical chaos
leads to dynamical freezing of the NV spin.
PACS numbers:
I. INTRODUCTION
Classical or quantum finite systems may show non-
deterministic behavior when coupled to a stochastic bath
(or other external randomness sources), or nonlinearity
[1, 2]. In such hybrid systems any small perturbation
destroys the regular motion and leads to unpredictable
evolution of the system. In the first case, the stochas-
ticity appears to be externally, and in the second case,
it is an intrinsic property of the system [3]. For in-
stance, the kicked rotator in the classical regime, when
the strength of kicking is increased, the regular periodic
motion is destroyed and chaotic motion is observed. The
chaotic behaviour can be validated by a diffusive growth
in the kinetic energy [4, 5] of the kicked rotator. The
quantum delta kicked rotator plays an important role in
understanding quantum chaos and other related effects
[6]. The existence of quantum resonance can be seen
using the quantum kicked rotators [7]. Experimentally
the quantum kicked rotators and quantum chaos can be
studied using ultracold atoms which are driven by peri-
odically kicked by optical pulses [8]. The effect of the
nonlinearity on a two-level system coupled with kicked
rotor is already studied [9].
Dynamical chaos refers to the phenomenon of the ex-
treme sensitivity of phase trajectories to a tiny distur-
bance. It is worth to note that in the quantum case, we
do not have phase trajectories and the quantum chaos is
manifested in the Gaussian statistics of the energy spec-
trum [10]. The remarkable feature of quantum chaos is
the termination of classically allowed diffusive processes
leading to destruction of quantum coherence [11, 12]. In
this paper our interest is in a hybrid system under the
constraint such that part of the system is classical, and
the rest is quantum. In such a quantum-classical hybrid
system when the classical part exhibits dynamical chaos,
we analyze the spread of chaos to the quantum part.
In the last few years the hybrid systems consist-
ing of the spin and mechanical parts named as Nano-
electromechanical systems (NEMS) generated a lot of in-
terest [13–39]. In these systems the spin subsystem is
always described quantum-mechanically and the mechan-
ical subsystem ( i. e., the oscillator) can be considered ei-
ther in quantum or classical (linear or nonlinear) regimes.
All these cases need special mathematical description and
show the realization of a physical features. Our interest
here concerns the case when cantilever coupled to the
NV center performs nonlinear oscillations. For more de-
tails about the model in question, we refer to the earlier
works [31, 39, 40]. In particular, we assume that kicks of
the external driving field force the classical motion of the
cantilever and the overlapping of nonlinear resonances
may induce the chaotic motion of the cantilever. The
chaoticity of the motion of the cantilever extends to the
quantum spin dynamics via the cantilever-spin coupling
term.
The Hamiltonian of the hybrid system of NV center
and a driven nonlinear oscillator is given as [38]
H
(
x, p, t
)
= HS +H0
(
x, p
)
+HNL
+ εV
(
x, t
)
+ gVˆc,NV . (1)
In the above HˆS = 12ω0σˆ
z is the Hamiltonian of the NV
center, The splitting frequency is given by ω0 =
(
ω2R +
δ2
)1/2, where ωR is the Rabi frequency, and δ is the de-
tuning. The spin operator Sˆz can be written in the basis
of NV center as [38]: Sˆz = 12
(
cos(α)σˆz+sin(α)(σˆ++σˆ−)
)
with tan(α) = −ωR/δ and σˆz = |e〉〈e| − |g〉〈g|, σˆ+ =
|e〉〈g|, σˆ− = |g〉〈e|. The linear part of the oscillator is
given by term H0 = p
2
2m +
ω2rmx
2
2 and the nonlinear part
is given by HNL = βx3 + µx4, where ωr is the frequency
of the oscillations, β and µ are constants of the nonlinear
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2terms. The term
V
(
x, t
)
= V0xT
∞∑
n=−∞
δ (t− nT ) ,
εV0 = f0, ε 1, (2)
describes the driven motion of the cantilever in the mi-
crowave field of rectangular pulses with frequency ω =
2pi/T . The key issue is the last term Vˆc,NV = gx(t)Sˆz in
Eq. (1) which describes the coupling between the classi-
cal cantilever and the quantum NV spin. The distance
and the coupling strength between the magnetic tip and
NV spin depend on the magnetostriction effect [39]. Sub-
ject to the cantilever’s oscillations, x(t) can be either
chaotic or regular. In what follows, we show that classi-
cal dynamical chaos leads to the stochastic phenomenon
in spin dynamics. However, being stochastic, spin dy-
namics do not manifest all characteristic features of the
quantum chaos.
In the present manuscript our main focus is a math-
ematical formulation of the problem. Nevertheless we
specify the values of the parameters relevant for the NV
centers [37]: ωr2pi = 5 MHz,
ωR
2pi = 0.1−10 MHz, δ = 1 kHz,
mass of the cantilever m = 6 × 10−17 kg, the coupling
constant g2pi = 100 kHz, the amplitude of the zero point
fluctuations a0 =
√
~/2mωr ≈ 5×10−3 m. The nonlinear
constants are order of β ≈ ω2rm2a0 , µ ≈
ω2rm
2a20
. The energy
scale of the problem is defined by εV ≈ ω2rma20 ≈ 10−9J,
and the time scale is of order of microsecond scale t ≈ pi2g
microseconds.
In what follows, we explore the spreading of classical
dynamical chaos on the quantum system. In the quan-
tum part of the NEMS, spin dynamics manifest some
characteristic features of the quantum chaos [41–44], but
not all of them. Therefore, we term this phenomenon
as a hybrid quantum-classical chaos. The work is orga-
nized as follows: In section II, we discuss the classical
chaotic dynamics of the cantilever, in section III, we
present analytical results for spin dynamics. In subse-
quent sections IV, V, VI we explore different aspects of
the quantum chaos: quantum coherence, Poincaré recur-
rences and level statistics respectively and Section VII
summarizes.
II. CHAOTIC DYNAMICS OF THE
CANTILEVER
With the purpose of simplicity, the cantilever part of
the HamiltonianHp,q = H0+HNL+V (x, t) can be rewrit-
ten in the action-angle canonical variables through the
transformation Φ = F + Iθ:
dΦ = pdq + θdI +
(
HI,θ −Hp,q
)
dt. (3)
The canonical equations in the new variables are given
as
dI
dt
= −∂HI,θ
∂θ
= −ε∂V (I, θ, λ)
∂θ
∞∑
n=−∞
δ (t− nT ) ,
dθ
dt
=
∂HI,θ
∂I
= Ω(I) + ε
∂V (I, θ, λ)
∂I
∞∑
n=−∞
δ (t− nT ) .

(4)
The presence of the delta function allows us to introduce
the Floquet map (In+1, θn+1) = F (In, θn) and integrate
Eq.(4) exactly as
In+1 = In − εT ∂V (In, θn)
∂θn
,
θn+1 = θn + ω(In+1)T + εT
∂V (In, θn)
∂I
. (5)
From the above equation we deduce the criteria of the
dynamical chaos:
K = εI0T
∣∣∣∣dω(I)dI
∣∣∣∣ , (6)
where ω(I) = ∂(H0 + HNL)/∂I, H0(I) = ωrI + HNL,
HNL = 3piµ
(
I
mωr
)2
, and V = V0(I) cos θ. Using the
system specific parameters we define the criterion for dy-
namical chaos as:
K = εI0T
( 6piµ
m2ω2r
)
. (7)
K is also known as a criterion for overlapping of the res-
onance. If K < 1 the phase trajectories are distinguish-
able from each other and if K > 1 phase trajectories
correspond to chaotic behavior [42]. After formation of
dynamical chaos, the dynamical description of the prob-
lem loses the sense and one has to introduce distribution
function f(θ, I) such that
i
∂f
∂t
=
(
Lˆ0 + εLˆ1
)
, (8)
where Liouville operators Lˆ0 and Lˆ1 are defined as follows
(see [42] for more details):
Lˆ0 = −iω ∂
∂θ
,
Lˆ1 = −i
(
∂V
∂I
∂
∂θ
− ∂V
∂θ
∂
∂I
)
. (9)
The critical issue is the difference between the time
scales of the slow action I and fast angle θ variables.
The correlation time scale in the system is defined via
〈〈θ(t)θ(0)〉〉 = exp(−t/τc). Typically τc < T < τD, where
τD is the time spent on the substantial change of the ac-
tion variable. As we see from Eq. (4), during the interval
between the kicks T , the change of the action variable is
small and is proportional to ε. Our interest here con-
cerns the distribution function for the action variable,
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FIG. 1: The Phase space plot of cantilever’s dynamics constructed through the recurrence relations Eq. (5) in (a) the regular regime
K = 0.5 (Blue) where the phase space is covered by two different phase trajectories: closed elliptic and open hyperbolic, and (b) the chaotic
regime at K = 5 (Gray) where entire phase space is covered by a chaotic sea . Topologically different phase trajectories are bordered by
separatrix line. The values of parameters: K = I0T 6piµm2ω2r
, µ = ω
2
rm
2a20
I0 =
m
2
x20ωr, m = 6× 10−17Kg, x0 = a0 = 5× 10−3m, T = 10µs,
ωr = ω0 = 2pi × 5× 106Hz, for chaotic ε = 0.003 and for regular ε = 0.0003 .
and the Fokker-Plank equation averaged over the fast an-
gular variable F (I) = 〈〈f(I, θ)〉〉θ. The general structure
of the Fokker-Planck equation reads [42]:
∂F (I)
∂t
= − ∂
∂I
(A(I)F (I)) +
1
2
∂2
∂I2
(B(I)F (I)),
A =
1
T
〈〈∆I〉〉θ, B = 1
T
〈〈(∆I)2〉〉θ. (10)
After calculating coefficients explicitly, we deduce the ki-
netic equation as
∂F
∂t
=
1
2
∂
∂I
D(I)
∂F
∂I
,
D(I) = piε2
∑
m,p
m2|Vm|2δ(mω − Ω).
 (11)
Here Ω = 2pi/T , Vm is the Fourier component of the inter-
action term and m, p indices take into account the multi-
ple internal resonances. Solution of the kinetic equation
reads:
〈I(t)〉 = I20 +Dt,
D =
1
2
εV 2T,
 (12)
where D is the diffusion coefficient. We explore dy-
namics of the cantilever using a standard map In+1 =
In −K sin θn, θn+1 = θn + In+1, where K quantifies the
criterion for the dynamical chaos.
The dynamics of the cantilever is chaotic forK > 1 and
otherwise K < 1 is regular (see Fig. 1). In the chaotic
regime we observe a sea of phase points uniformly dis-
tributed over the phase space. In the regular regime,
two different phase space trajectories cover the entire
space. For the standard map described above, if the pa-
rameter K > Kc = 0.9716, the stochastic layers start
merging; thus, it will create a domain of chaotic motion
that covers whole phase space. As K increases, the is-
lands’ size decreases, and only the largest of them can be
found in the chaotic sea. Thus solution for cantilever can
be written in the discrete form xn =
√
2In/mωr cos θn,
pn = −
√
2Inωrm sin θn.
III. SPIN DYNAMICS EXACT SOLUTION
We consider the following effective Hamiltonian of the
NV center:
Hˆ =
1
2
ω0σˆ
z + gVˆc,NV , (13)
where Vˆc,NV =
√
2In/mωr cos θnSˆz. It is important to
note here that In and θn follow the Floquet map given
by Eq. (5). By varying the parameter K we change the
characteristic of the term Vˆc,NV from the regular to the
chaotic dynamics of the cantilever and explore the spin
dynamics in both cases. Exploiting the Floquet theory
we solve the Schrödinger equation analytically:
i~
d|ψ(t)〉
dt
= Hˆ|ψ(t)〉,
|ψ(t = NT )〉 = UˆN |ψ(0)〉, (14)
where UˆN is the Floquet operator evolving the system
after N kicks and |ψ(0)〉 is the initial state of the system.
The Floquet map Fˆn after the nth kick is
Fˆn = exp
(
−iHˆT
)
. (15)
The evolution operator UˆN is a time-ordered product of
Fˆns given as UˆN = FˆN · · · Fˆn+1FˆnFˆn−1 · · · Fˆ3Fˆ2Fˆ1 The
exact wave function after time t = NT can be written in
the form
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FIG. 2: Poincaré sections for (〈σx〉, 〈σz〉) and (〈σy〉, 〈σz〉) in regular regime at K = 0.5 (see (a) and (b)) and chaotic regime at K = 5
(see (c) and (d)) . The parameters are m = 1, g = 1, ω0 = 0.2, T = 1, α = pi/2. The values of the parameters in the real units:
K = I0T
6piµ
m2ω2r
, µ = ω
2
rm
2a20
, I0 = m2 x
2
0ωr, m = 6 × 10−17Kg, x0 = a0 = 5 × 10−3m, T = 10µs, ωr = ω0 = 2pi × 5 × 106Hz, for chaotic
ε = 0.003 and for regular ε = 0.0003.
|ψ(t = NT )〉 =
N∏
n=1
Fˆn|ψ(0)〉 =
∑
{αn}=±
{
N∏
n=2
exp (−iαnϕn)
〈
ϕαnn
∣∣ϕαn−1n−1 〉
}
exp (−iα1ϕ1)
〈
ϕα11
∣∣ψ(0)〉∣∣ϕαNN 〉. (16)
Here αnϕn and |ϕαnn 〉 (αn = ±) are the eigenvalues
and eigenstates, respectively of the nth Floquet operator
given by Eq. (15). The general form of the eigenstates
is quite involved (not shown). However, in the resonant
limit tan(α) = −ωR/δ  1, we can simplify the Floquet
map given Eq. (15). The spectral decomposition of Fˆn
is given as
Fˆn = exp{−iϕn}|ϕ+n 〉〈ϕ+n |+ exp{iϕn}|ϕ−n 〉〈ϕ−n |.(17)
Here the quasienergy ϕn is given by
ϕn =
(
√
χ2n + ω
2
0)T
2
, (18)
where we introduced the notation χn =
g
√
2In/mωr cos θn. The normalized eigenstates:
|ϕ+n 〉 = ηn|0〉+ ξn|1〉,
|ϕ−n 〉 = ξn|0〉 − ηn|1〉, (19)
where ηn = kn√
1+k2n
, ξn = 1√
1+k2n
, and kn =
ω0+
√
χ2n+ω
2
0
χn
.
Now let us consider that initially the system is prepared
in the state |ψ(0)〉 = |0〉. Therefore, the explicit form of
the evolved wave function is calculated as
|ψ(t = NT )〉 = A11{η1 exp(−iϕ1)(ηN |0〉+ ξN |1〉)}+A12{η1 exp(−iϕ1)(ξN |0〉 − ηN |1〉)}
A21{ξ1 exp(iϕ1)(ηN |0〉+ ξN |1〉)}+A22{ξ1 exp(iϕ1)(ξN |0〉 − ηN |1〉)},
A =
N∏
n=2
Gn{ϕ}, Gn{ϕ} =
[
exp(−iϕn)(ηnηn−1 + ξnξn−1) exp(−iϕn)(ηnξn−1 − ξnηn−1)
exp(iϕn)(ξnηn−1 − ηnξn−1) exp(iϕn)(ηnηn−1 + ξnξn−1)
]
. (20)
For more details of the analytical solution, for normaliza-
tion of the wave function, we refer to Appendix A and B.
Taking into account Eq.(16)-Eq.(20) we calculate the ex-
pectation values of the spin components 〈σα〉, α = x, y, z.
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FIG. 3: Plot of Fourier Power spectrum density for mean value of σx,y,z in regular regime (a), (c) and (e) at K=0.5 (Blue), and in
chaotic regime (b), (d) and (f) at K=5 (Gray). The parameters used for the plot is m = 1, g = 1, ω0 = 0.2, T = 1, α = pi/2. The
values of the parameters in the real units: K = I0T 6piµm2ω2r
, µ = ω
2
rm
2a20
I0 =
m
2
x20ωr, m = 6× 10−17Kg, x0 = a0 = 5× 10−3m, T = 10µs,
ωr = ω0 = 2pi × 5× 106Hz, for chaotic  = 0.003 and for regular  = 0.0003.
The explicit formulas are given in the Appendix C.
We note that ϕn =
(
√
χ2n+ω
2
0)T
2 , where χn =
g
√
2In/mωr cos θn and (In, θn) is described by the
map Eq.(5). Therefore, depending on the parameter
of stochasticity K, the phase ϕn can be either non-
commensurate and random or smooth and regular. In
the spirit of the work [45] we explore the interplay be-
tween the chaotic classical (cantilever) and quantum (NV
spin) dynamics. In Fig.(1) we show the Poincaré sections
for (In, θn). The phase space plot corresponds to clas-
sical dynamics of cantilever. For K = 0.5 the dynamics
is regular (see Fig.1(a)) and for K = 5 is chaotic (see
Fig.1(b)).
We also plot the Poincaré section of (〈σx〉, 〈σz〉) and
(〈σy〉, 〈σz〉) in Fig.2(a) and (b) when cantilever performs
motion in regular regime and (c) and (d) when cantilever
performs motion in chaotic regime. We do not distinguish
between the Poincaré sections of the average spin dynam-
ics of the NV center when the cantilever performs regular
and chaotic motion. We see that the Poincaré section of
the average spin dynamics evolve in the same manner for
both the regular and the chaotic case (see Fig.2). On
the other hand, the Fourier power spectrum for obser-
vances Ix,y,z =
∣∣∣∣ ∞∫∞〈σx,y,z〉 exp(−iωt)dt
∣∣∣∣2 in the regular
and chaotic cases Fig.(3) are different. We see that when
stochasticity parameter varies from regular (K = 0.5) to
chaotic(K = 5) the power spectrum is more abundant
in chaotic case as compared to the regular case. This
clearly indicates the broadening of the spectrum. The
broadening of spectrum or signature of chaos starts at K
well above 1. The lower band is continuously filled mani-
festing the essence of the chaos in the spin dynamics. We
see that while the Fourier spectra of the spin components
〈σy,z〉, are broadened, the spectrum of 〈σx〉 is regular (see
Fig. 3(b)) when it is expected to be chaotic at K = 5. To
answer this question, we plot the dependence on time of
the different spin components and observe an interesting
effect. While 〈σy,z〉 components perform fast, chaotic os-
cillations in chaotic regime (see Figs.4 (d), (f)), it shows
quasi periodic oscillation in the regular regime (see Figs.4
(c), (e)). The expectation value of the component 〈σx〉
is frozen near the value 〈σx〉 ≈ −1 during more than 40
kicks (Fig.4 (b)). The effect of dynamical freezing is non-
linear and is absent in the regular case (Fig.4 (a)). The
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FIG. 4: Spin dynamics for 〈σx〉, 〈σy〉 and 〈σz〉 in the regular regime at K = 0.5 (see (a), (c) and (e)) and 〈σx〉, 〈σy〉 and 〈σz〉 in the
chaotic regime at K = 5 (see (b), (d) and (f)). The parameters are m = 1, g = 1, ω0 = 0.2, T = 1, α = pi/2. The values of the parameters
in the real units: K = I0T 6piµm2ω2r
, µ = ω
2
rm
2a20
, I0 = m2 x
2
0ωr, m = 6×10−17Kg, x0 = a0 = 5×10−3m, T = 10µs, ωr = ω0 = 2pi×5×106Hz,
for chaotic ε = 0.003 and for regular ε = 0.0003.
origin of dynamical freezing is due to the overlap of the
nonlinear resonances described in details in the reference
[46].
IV. QUANTUM COHERENCE
Quantum coherence is the resource for performing vast
number of quantum information protocols. In many-
body system the quantum coherence is the essence of en-
tanglement and plays an important role in understanding
some physical phenomena of quantum information and
quantum optics. Relative entropy and l1-norm measure
is also a monotone of coherence [47]. By incoherent op-
erations one can generate coherence that quantifies max-
imal entanglement [48]. Here we explore the problem of
generation of coherence for the NV spin coupled to the
nanocantilever in a regular or a chaotic regime. In par-
ticular, we prepare the NV center initially in a mixed
state:
ρˆ(0) = p1|0〉〈0|+ p2|1〉〈1|. (21)
The time evolved density matrix is given by Eq.(14) as:
ρˆ(t) = |ψ(NT )〉〈ψ(NT )|.
ρˆ(t) = ρ11|0〉〈0|+ ρ12|0〉〈1|+
ρ21|1〉〈0|+ ρ22|1〉〈1|. (22)
The elements of the time-evolved density matrix are given
in the Appendix D. Generation of the coherence is quan-
tified in terms of the relative entropy as
D(ρˆ(t)|ρˆd(t)) = Tr{ρˆ(t) ln ρˆ(t)− ρˆ(t) ln ρˆd(t)}. (23)
Here ρˆd(t) is the diagonal part of ρˆ(t). The Eigenval-
ues of the density matrix ρ(t) are: E± = 12
(
ρ11 + ρ22 ±√
ρ211 + ρ
2
22 + 4ρ21ρ12 − 2ρ11ρ22
)
. Now taking into ac-
count Eq.(20), we calculate quantum coherence as:
D(ρˆ(t)|ρˆd(t)) = E+ lnE+ + E− lnE− −
ρ11 ln ρ11 − ρ22 ln ρ22. (24)
The stochasticity parameter K appears in whole ρ(t) as
ηN , ξN which contain In and θn that contain K. The
relative entropy D for regular and chaotic cases is plotted
in Fig.(5). We find that the process of generation of
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FIG. 5: The quantum coherence in (a) the regular regime at K=0.5 (Blue) and (b) the chaotic regime at K=5 (Gray), for the following
values of the parameters m = 1, g = 1, ω0 = 0.2, T = 1, α = pi/2. The values of parameters: K = I0T 6piµm2ω2r
, µ = ω
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I0 =
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2
x20ωr,
m = 6× 10−17Kg, x0 = a0 = 5× 10−3m, T=10µs, ωr = ω0 = 2pi × 5× 106Hz, for chaotic  = 0.003 and for regular  = 0.0003.
coherence is not sensitive to the dynamical regime, and
qualitatively is the same in regular and chaotic cases.
V. QUANTUM POINCARÉ RECURRENCE
"Any phase-space configuration (I, θ) of a system en-
closed in a finite volume will be repeated as accurately as
one wishes after a finite interval of time". This state-
ment is the essence of the Poincaré recurrence theorem
and holds also in the quantum case [49]. Any time-
dependent periodic Hamiltonian would reunite itself in-
finitely often over time. Suppose the system has a contin-
uous energy spectrum corresponding to classical systems,
then the quantum recurrence theorem does not hold. A
quantum system that is bounded defined by a Hamilto-
nian H0 has a discrete spectrum when subjected to a
nonresonant time-dependent periodic potential V with
V (t) = V (t+τ) for an arbitrary period τ . For any initial
configuration of the system, both the wave function and
the energy reunite itself over time [50]. The time passed
off during the recurrence is known as Poincaré recurrence
time. The Quantum Poincaré recurrence means that the
distance between initial and evolved states can become
smaller than the characteristic : ‖φ(t)−φ(0)‖ < . Tak-
ing Eq.(20) into account the explicit expression for the
distance of the time evolved state from the initial state
is:
‖φ(t)− φ(0)‖ = 2−
(
A∗11η
∗
1 exp(iϕ1)η
∗
N
+A∗12η
∗
1 exp(iϕ1)ξ
∗
N +A
∗
21ξ
∗
1 exp(−iϕ1)η∗N
+A∗22ξ
∗
1 exp(−iϕ1)ξ∗N +A11η1 exp(−iϕ1)ηN
+A12η1 exp(−iϕ1)ξN +A21ξ1 exp(iϕ1)ηN
+A22 exp(iϕ1)ξN
)
. (25)
The above expression of quantum Poincaré recurrences
is plotted for the regular K < 1 and chaotic cases K > 1
separately in Fig. (6) (a) and (b), respectively. It is evi-
dent from these figures that the behavior is quite a con-
trast in two regimes. In the regular case Fig. (6)(a) we
see a slight quasiperiodic modulation of the amplitude,
while in chaotic case Fig. (6)(b), the distance measure
between the wave functions is the essence of the noise.
Analyses of the recurrence histograms show the absence
of the exponential decay of Poincaré recurrence, while the
exponential decay is a hallmark of quantum chaos [51].
The effect we observe in our system is non-conventional
for quantum chaos. Chaotic dynamics of cantilever plays
the role of external noise for NV spin and has a stochas-
tic character than a dynamical. It destroys the nature
of quasiperiodic revivals in spin dynamics, and quantum
recurrence becomes a random event. Therefore, we term
this effect as hybrid quantum-classical chaos.
VI. LEVEL STATISTICS AND DISCRETE TIME
TRANSNATIONAL SYMMETRY BREAKING
The Hamiltonian Hˆn Eq.(13), taken at different times
are the essence of a set of noncommuting Hamiltonians:
{ Hˆn | Hˆn Hermitian operator }. To some extent, one
can define the distance between the elements |n − m|,
by the analogy of lattice in the time domain. The set
{ Hˆn } is a structure that repeats in time with the ele-
ments Hˆn ≡ Hˆn+k, if quantum Poincaré recurrence oc-
curs ‖φ((n+k)T )−φ(nT )‖ <  (i. e., can be viewed as a
Floquet Time Crystals [52, 53]). The eigenvalues of the
Hamiltonian Hˆn Eq.(13) are given by:
E
(n)
1,2 = ±
1
2
√
χ2n + ω
2
0 , (26)
where χn = g
√
2In
mω0
cos θn. Each Hamiltonian from the
set { Hˆn } has two energy levels. We explore the distance
between the levels:
Sn = E
(n)
1 − E(n)2 =
√
ω20 + g
2
( 2In
mω0
)
cos2 θn, (27)
for each Hamiltonian and construct the distribution func-
tions P (Sn) for regular K < 1 and chaotic K > 1 cases.
Here Sn is the separation between two energy levels. We
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FIG. 6: Quantum Poincaré recurrence as a function of time (i.e. number of Kicks) in (a) the regular regime at K = 0.5 (Blue) and (b) the
chaotic regime at K = 5 (Gray). The parameters are m = 1, g = 1, ω0 = 0.2, T = 1, α = pi/2. The values of parameters: K = I0T 6piµm2ω2r
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FIG. 7: Histogram plot of level statistics of Hamiltonian Hˆn in
the regular regime at K = 0.5 (Blue) and in the chaotic regime
K = 5 (Gray) The parameters are m = 1, g = 1, ω0 = 0.2, T=1,
α = pi/2. The values of parameters: K = I0T 6piµm2ω20
, µ = ω
2
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I0 =
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2
x20ωr, m = 6 × 10−17Kg, x0 = a0 = 5 × 10−3m, T=10µs,
ωr = ω0 = 2pi × 5 × 106Hz, for chaotic  = 0.003 and for regular
 = 0.0003.
see the level statistics is non-Poissonian type during the
variation in stochasticity parameter K from regular to
chaotic. The maximum is located near 0.1 for both the
regular and the chaotic cases. The problem in question
is whether the level statistics has consequences for the
shortness of correlations in the system. We will say that
the short-range correlations characterize the system if the
following equation holds:
〈φ|HˆnHˆm|φ〉 − 〈φ|Hˆn|φ〉〈φ|Hˆm|φ〉 = 0,
|n−m|  1. (28)
The time translation symmetry breaking (TTSB) occurs
if in spite of the Poincaré recurrence ‖|φ((n + k)T )〉 −
|φ(nT )〉‖ < ε, for dynamical operator of the system σˆ
recurrence do not occur:
‖〈φ((n+ k)T )|σˆ|φ((n+ k)T )〉 − |〈φ(nT )|σˆ|φ(nT )〉‖ > ε. (29)
As we see from Figs.(3) and (4), that the spin dynamics
is chaotic, Fig (7) reflects that the level statistics is nei-
ther Gaussian nor Poissonian type. We note that the sim-
ilar effect of non-Poissonian level statistics was observed
for DiracâĂŞWeyl spin-polarized wavepackets driven by
a periodic electric field [54]. On the other hand, we see
that the spin dynamics are completely detached from the
Poincaré recurrences. This fact confirms the time trans-
lation symmetry breaking in the system. The reason for
TTSB is the fact that the Hamiltonian of the NV center
does not commute with the Floquet operator.
VII. CONCLUSIONS
In the present work, we studied hybrid quantum-
classical nano-electromechanical systems. The classical
part comprised of a nanocantilever, and the quantum
part is the NV spin. Nanocantilever performs nonlin-
ear oscillations in the chaotic and regular regimes. Due
to the spin-cantilever coupling, the effects of the oscilla-
tions of the cantilever are transmitted to the spin dynam-
ics. The problem in question was whether the classical
dynamical chaos may induce quantum chaos or other ef-
9fects of quantum stochasticity in the quantum dynam-
ics of the NV spin. We studied the Poincaré section
of spin-dynamics and explored the Fourier power spec-
tral density of the quantum dynamical observables in the
chaotic and regular regimes. We investigated the gener-
ation of quantum coherence for the NV center coupled
to nanocantilever in the chaotic and regular regime. We
also investigated the quantum Poincaré recurrence in the
chaotic and regular regime. While the Fourier spectrum
analysis clearly indicates the presence of stochasticity in
the dynamics of quantum observables, some characteris-
tics of quantum chaos are absent. The dynamical chaos
imposed to the cantilever dynamics through the kicking
induces the stochastic dynamics of the quantum subsys-
tem. However, this stochasticity does not possess all the
features of quantum chaos and is distinct from it. We
found that the hybrid quantum-classical chaos in NEMS
leads to the dynamical freezing of σx component of the
spin of NV center. This fact is experimentally feasible
and important for application in quantum computing.
Appendix A: Normalization condition for the wave
function represented in Eq.(20) when Gn{ϕ} is
diagonal.
The eigenstates and eigenvalues of the nth Floquet op-
erator have the form:
|ϕ+n 〉 = ηn|0〉+ ξn|1〉,
|ϕ−n 〉 = ξn|0〉 − ηn|1〉, (A1)
where
ηn =
1√
1 + k2n
,
ξn = − kn√
1 + k2n
,
kn =
ω0 +
√
χ2n + ω
2
0
χn
. (A2)
kn = k
∗
n, so ηn = η∗n and ξn = ξ∗n. The normalization
condition of the wave function after N kickes, i. e. , at
t = NT has the form:
〈ψ(t = TN)|ψ(t = TN)〉 = |A11|2{|η1|2(|ηN |2 + |ξN |2)}+A∗11A12{|η1|2(ξNη∗N − ξ∗NηN )}
+A∗11A21{η∗1ξ1 exp(2iϕ1)(|ηN |2 + |ξN |2)}+A∗11A22{η∗1ξ1(ξNη∗N − ξ∗NηN )}+A11A∗12{|η1|2(−ξNη∗N + ξ∗NηN )}+
+|A12|2{|η1|2(|ηN |2 + |ξN |2)}+A∗12A21{η∗1ξ1 exp(2iϕ1)(−ξNη∗N + ξ∗NηN )}+A∗12A22{η∗1ξ1 exp(2iϕ1)(|ξN |2 + |ηN |2)}
+A∗21A11{η1ξ∗1 exp(−2iϕ1)(|ξN |2 + |ηN |2)}+A∗21A12{η1ξ∗1 exp(−2iϕ1)(ξNη∗N − ηNξ∗N )}+ |A21|2{|ξ1|2(|ηN |2 + |ξN |2)}
+A∗21A22{|ξ1|2(η∗NξN − ξ∗NηN )}+A11A∗22{η1ξ∗1 exp(−2iϕ1(ηNξ∗N − η∗NξN )}+A12A∗22{η1ξ∗1 exp(−2iϕ1)(|ξN |2 + |ηN |2)}
+A21A
∗
22{|ξ1|2(ηNξ∗N − η∗NξN ) + |A22|2{|ξ1|2(|ηN |2 + |ξN |2)}. (A3)
In the particular case, A11 = A∗22 and A12 = A∗21
after simplification one can get the form:
〈ψ(t = TN)|ψ(t = TN)〉 = |A11|2 + |A12|2
+A∗11A21{η∗1ξ1 exp(2iϕ1)}+A∗12A22{η∗1ξ1 exp(2iϕ1)}
+A∗21A11{η1ξ∗1 exp(−2iϕ1)}+A12A∗22{η1ξ∗1 exp(2iϕ1)}.
(A4)
If all kicks are identical, the diagonal elements of the
matrix A are zero. Therefore: |A11|2 = 1, |A12|2 = 0,
|A21|2 = 0, |A22|2 = 1
〈ψ(t = TN)|ψ(t = TN)〉 = 1. (A5)
Appendix B: Normalization condition for the wave
function represented in Eq.(20) when Gn{ϕ} is
non-diagonal.
We prove the normalization of the evolved wave func-
tion in the general case of three N = 3 different kicks.
The elements of the G matrix in Eq.(19) have the form:
G2{ϕ} =
[
exp(−iϕ2)(η2η1 + ξ2ξ1) exp(−iϕ2)(η2ξ1 − ξ2η1)
exp(iϕ2)(ξ2η1 − η2ξ1) exp(iϕ2)(η2η1 + ξ2ξ1)
]
, (B1)
G3{ϕ} =
[
exp(−iϕ3)(η3η2 + ξ3ξ2) exp(−iϕ3)(η3ξ2 − ξ3η2)
exp(iϕ3)(ξ3η2 − η3ξ2) exp(iϕ3)(η3η2 + ξ3ξ2)
]
. (B2)
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Therefore for A matrix we deduce
A =
3∏
n=2
Gn{ϕ}, (B3)
A11 = exp(−iϕ2 − iϕ3)(η2η1 + ξ2ξ1)(η3η2 + ξ3ξ2)
+ exp(−iϕ2 + iϕ3)(η2ξ1 − ξ2η1)(ξ3η2 − η3ξ2), (B4)
A12 = exp(−iϕ2 − iϕ3)(η2η1 + ξ2ξ1)(η3ξ2 − ξ3η2)
+ exp(−iϕ2 + iϕ3)(η2ξ1 − ξ2η1)(η3η2 + ξ3ξ2), (B5)
A21 = exp(iϕ2 − iϕ3)(η3η2 + ξ2ξ3)(η1ξ2 − ξ1η2)
+ exp(iϕ2 + iϕ3)(η2η1 + ξ2ξ1)(ξ3η2 − η3ξ2), (B6)
A22 = exp(iϕ2 − iϕ3)(ξ2η1 + η2ξ1)(η3ξ2 − ξ3η2)
+ exp(iϕ2 + iϕ3)(η2η1 + ξ2ξ1)(η3η2 + ξ3ξ2), (B7)
〈ψ(t = TN)|ψ(t = TN)〉 = |A11|2|η1|2 + |A12|2|η1|2
+|A21|2|ξ1|2 +A∗11A21{η∗1ξ1 exp(2iϕ1)}+A∗12A22{η∗1ξ1 exp(2iϕ1)}
+|A22|2|ξ1|2 +A∗21A11{η1ξ∗1 exp(−2iϕ1)}
+A12A
∗
22{η1ξ∗1 exp(2iϕ1)}, (B8)
|A11|2 = ((η2ξ1 − η1ξ2)(−η3ξ2 + η2ξ3) cos[ϕ2 − ϕ3] + (η1η2 + ξ1ξ2)(η2η3 + ξ2ξ3) cos[ϕ2 + ϕ3])2
+((η2ξ1 − η1ξ2)(−η3ξ2 + η2ξ3) sin[ϕ2 − ϕ3] + (η1η2 + ξ1ξ2)(η2η3 + ξ2ξ3) sin[ϕ2 + ϕ3])2, (B9)
|A12|2 = ((η2ξ1 − η1ξ2)(η2η3 + ξ2ξ3) cos[ϕ2 − ϕ3] + (η1η2 + ξ1ξ2)(η3 ξ2 − η2ξ3) cos[ϕ2 + ϕ3])2
+((η2ξ1 − η1ξ2)(η2η3 + ξ2ξ3) sin[ϕ2 − ϕ3]− (η1η2 + ξ1ξ2)(−η3ξ2 + η2ξ3) sin[ϕ2 + ϕ3])2, (B10)
|A21|2 = ((−η2ξ1 + η1ξ2)(η2η3 + ξ2ξ3) cos[ϕ2 − ϕ3] + (η1η2 + ξ1ξ2)(−η3ξ2 + η2ξ3) cos[ϕ2 + ϕ3])2
+((−η2ξ1 + η1ξ2)(η2η3 + ξ2ξ3) sin[ϕ2 − ϕ3] + (η1η2 + ξ1ξ2)(−η3 ξ2 + η2ξ3) sin[ϕ2 + ϕ3])2, (B11)
|A22|2 = ((η2ξ1 − η1ξ2)(−η3ξ2 + η2ξ3) cos[ϕ2 − ϕ3] + (η1η2 + ξ1ξ2)(η2η3 + ξ2ξ3) cos[ϕ2 + ϕ3])2
+((η2ξ1 − η1ξ2)(−η3ξ2 + η2ξ3) sin[ϕ2 − ϕ3] + (η1η2 + ξ1ξ2)(η2η3 + ξ2ξ3) sin[ϕ2 + ϕ3])2, (B12)
A21A
∗
11 = − exp(2iϕ2)((η22 + ξ22)(η3ξ1 − η1ξ3) cos[ϕ3]− i(η22(η3ξ1 + η1ξ3)− ξ22(η3ξ1 + η1ξ3) + 2η2ξ2(−η1η3
+ξ1ξ3)) sin[ϕ3])((η
2
2 + ξ
2
2)(η1η3 + ξ1ξ3) cos[ϕ3] + i(η1(η
2
2η3 − η3ξ22 + 2η2ξ2ξ3) + ξ1(2η2η3ξ2 − η22ξ3 + ξ22ξ3)) sin[ϕ3]),
(B13)
A∗21A11 = exp(−2iϕ2)((−η2ξ1 + η1ξ2)(η1η2 + ξ1ξ2)(ξ2(−η3 + ξ3) + η2(η3 + ξ3))(η2(η3 − ξ3) + ξ2(η3 + ξ3))
+( η3ξ2 − η2ξ3)(η2η3 + ξ2ξ3)(−(ξ1(−η2 + ξ2) + η1(η2 + ξ2))(η1(η2 − ξ2) + ξ1(η2 + ξ2)) cos[2ϕ3] + i(η21 + ξ21)(η22
+ξ22) sin[2ϕ3])),
A∗12A22 = exp(2iϕ2)((η
2
2 + ξ
2
2)(η3ξ1 − η1ξ3) cos[ϕ3]− i(η22(η3ξ1 + η1ξ3)− ξ22(η3ξ1 + η1ξ3) + 2η2ξ2(−η1η3
+ξ1ξ3)) sin[ϕ3])((η
2
2 + ξ
2
2)(η1η3 + ξ1ξ3) cos[ϕ3] + i(η1(η
2
2η3 − η3ξ22 + 2η2ξ2ξ3) + ξ1(2η2η3ξ2 − η22ξ3 + ξ22ξ3)) sin[ϕ3]),
(B14)
A∗22A12 = exp(−2iϕ2)((η2ξ1 − η1ξ2)(η1η2 + ξ1ξ2)(ξ2(−η3 + ξ3) + η2(η3 + ξ3))(η2(η3 − ξ3) + ξ2(η3 + ξ3))
+(η3ξ2 − η2ξ3)(η2η3 + ξ2ξ3)((ξ1(−η2 + ξ2) + η1(η2 + ξ2))(η1(η2 − ξ2) + ξ1(η2 + ξ2)) cos[2ϕ3]− i(η21 + ξ21)(η22
+ξ22) sin[2ϕ3])).
The normalization equation takes the form:
〈ψ(t = TN)|ψ(t = TN)〉 = (η21 + ξ21)2(η22 + ξ22)2(η23 + ξ23).
(B15)
The normalization condition holds
〈ψ(t = TN)|ψ(t = TN)〉 = 1. (B16)
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Appendix C: Expectation value of 〈σα〉, α = x, y, z
The analytical expressions for expectation values of the
spin components used in calculations:
〈σx〉 = |A11|2|η1|2(η∗NξN + ξ∗NηN ) +A∗11A12|η1|2(−|ηN |2 + |ξN |2) +A∗11A21η∗1ξ1 exp(2iϕ1)(η∗NξN + ηNξ∗N )
+A∗11A22η
∗
1ξ1 exp(2iϕ1)(−|ηN |2 + |ξN |2) +A∗12A11|η1|2(−|ηN |2 + |ξN |2) + |A12|2|η1|2(−η∗NξN − ξ∗NηN )
+A∗12A21η
∗
1ξ1 exp(2iϕ1)(−|ηN |2 + |ξN |2) +A∗12A22η∗1ξ1 exp(2iϕ1)(−η∗NξN − ηNξ∗N ) +A∗21A11η1ξ∗1 exp(−2iϕ1)(η∗NξN
+ξ∗NηN ) +A
∗
21A12η1ξ
∗
1 exp(−2iϕ1)(−|ηN |2 + |ξN |2) + |A21|2|ξ1|2(ηNξ∗N + ξNη∗N ) +A∗21A22|ξ1|2(−|ηN |2 + |ξN |2)
+A∗22A11η1ξ
∗
1 exp(−2iϕ1)(−|ηN |2 + |ξN |2) +A∗22A12η1ξ∗1 exp(−2iϕ1)(−η∗NξN − ηNξ∗N ) +A21A∗22|ξ1|2(−|ηN |2 + |ξN |2)
+|A22|2|ξ|2(−ηNξ∗N − ξNη∗N ),
(C1)
〈σy〉 = |A11|2|η1|2(−iη∗NξN + iξ∗NηN ) +A∗11A12|η1|2(i|ηN |2 + i|ξN |2) +A∗11A21η∗1ξ1 exp(2iϕ1)(−iη∗NξN + iηNξ∗N )
+A∗11A22η
∗
1ξ1 exp(2iϕ1)(i|ηN |2 + i|ξN |2) +A∗12A11|η1|2(−i|ηN |2 − i|ξN |2) + |A12|2|η1|2(−iη∗NξN + iξ∗NηN )
+A∗12A21η
∗
1ξ1 exp(2iϕ1)(−i|ηN |2 − i|ξN |2) +A∗12A22η∗1ξ1 exp(2iϕ1)(−iη∗NξN + iηNξ∗N ) +A∗21A11η1ξ∗1 exp(−2iϕ1)(−iη∗NξN
+iξ∗NηN ) +A
∗
21A12η1ξ
∗
1 exp(−2iϕ1)(i|ηN |2 + i|ξN |2) + |A21|2|ξ1|2(iηNξ∗N − iξNη∗N ) +A∗21A22|ξ1|2(i|ηN |2 + i|ξN |2)
+A∗22A11η1ξ
∗
1 exp(−2iϕ1)(−i|ηN |2 − i|ξN |2) +A∗22A12η1ξ∗1 exp(−2iϕ1)(−iη∗NξN + iηNξ∗N ) +A21A∗22|ξ1|2(−i|ηN |2 − i|ξN |2)
+|A22|2|ξ|2(iηNξ∗N − iξNη∗N ),
(C2)
〈σz〉 = |A11|2|η1|2(|ηN |2 − |ξN |2) +A∗11A12|η1|2(ξNη∗N + ξ∗NηN ) +A∗11A21η∗1ξ1 exp(2iϕ1)(|ηN |2 − |ξN |2)
+A∗11A22η
∗
1ξ1 exp(2iϕ1)(ξNη
∗
N + ξ
∗
NηN ) +A
∗
12A11|η1|2(ξNη∗N + ξ∗NηN ) + |A12|2|η1|2(|ξN |2 − |ηN |2)
+A∗12A21η
∗
1ξ1 exp(2iϕ1)(ξ
∗
NηN + η
∗
NξN ) +A
∗
12A22η
∗
1ξ1 exp(2iϕ1)(|ξN |2 − |ηN |2) +A∗21A11η1ξ∗1 exp(−2iϕ1)(|ηN |2 − |ξN |2)
+A∗21A12η1ξ
∗
1 exp(−2iϕ1)(η∗NξN + ξNηN ) + |A21|2|ξ1|2(|ηN |2 − |ξN |2) +A∗21A22|ξ1|2(η∗NξN + ξ∗NηN )
+A∗22A11η1ξ
∗
1 exp(−2iϕ1)(ηNξ∗N + η∗NξN ) +A∗22A12η1ξ∗1 exp(−2iϕ1)(|ξN |2 − |ηN |) +A21A∗22|ξ1|2(ξ∗NηN + η∗NξN )
+|A22|2|ξ|2(|ξN |2 − |ηN |2).
(C3)
Appendix D: Elements of density matrix for Eq.22
The elements of the reduced density matrix, analytical
expressions used for calculation of the coherence.
ρ11 = |A11|2|η1|2|ηN |2 +A∗11A12|η1|2η∗NξN +A∗11A21η∗1ξ1 exp (2iϕ1)|ηN |2 +A∗11A22η∗1ξ1 exp (2iϕ1)η∗NξN
+A∗12A11|η1|2ηNξ∗N + |A12|2|η1|2|ξN |2 +A∗12A21η∗1ξ1 exp (2iϕ1)ηNξ∗N +A∗12A22η∗1ξ1 exp (2iϕ1)|ξN |2
+A∗21A11η1ξ
∗
1 exp (−2iϕ1)|ηN |2 +A∗21A12η1ξ∗1 exp (−2iϕ1)η∗NξN + |A21|2|ξ1|2|ηN |2 +A∗21A22|ξ1|2ξNη∗N
+A11A
∗
22 exp (−2iϕ1)ηNξ∗N +A12A∗22η1ξ∗1 exp (−2iϕ1)|ξN |2 +A21A∗22|ξ1|2ηNξ∗N + |A22|2|ξ1|2|ξN |2, (D1)
ρ12 = |A11|2|η1|2ηNξ∗N +A∗11A12|η1|2|ξN |2 +A∗11A21η∗1ξ1 exp (2iϕ1)ηNξ∗N +A∗11A22η∗1ξ1 exp (2iϕ1)|ξN |2
−A∗12A11|η1|2|ηN |2 − |A12|2|η1|2ξNη∗N −A∗12A21η∗1ξ1 exp (2iϕ1)|ηN |2 −A∗12A22η∗1ξ1 exp (2iϕ1)η∗NξN
+A∗21A11η1ξ
∗
1 exp (−2iϕ1)ξ∗NηN +A∗21A12η1ξ∗1 exp (−2iϕ1)|ξN |2 + |A21|2|ξ1|2ηNξ∗N +A∗21A22|ξ1|2|ξN |2
−A11A∗22η1ξ∗1 exp (−2iϕ1)|ηN |2 −A12A∗22η1ξ∗1 exp (−2iϕ1)η∗NξN −A21A∗22|ξ1|2|ηN |2 − |A22|2|ξ1|2ξNη∗N ,
(D2)
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ρ21 = |A11|2|η1|2η∗NξN −A∗11A12|η1|2|ηN |2 +A∗11A21η∗1ξ1 exp (2iϕ1)η∗NξN −A∗11A22η∗1ξ1 exp (2iϕ1)|ηN |2
+A∗12A11|η1|2|ξN |2 − |A12|2|η1|2ξ∗NηN +A∗12A21η∗1ξ1 exp (2iϕ1)|ξN |2 −A∗12A22η∗1ξ1 exp (2iϕ1)ηNξ∗N
+A∗21A11η1ξ
∗
1 exp (−2iϕ1)ξNη∗N −A∗21A12η1ξ∗1 exp (−2iϕ1)|ηN |2 + |A21|2|ξ1|2η∗NξN −A∗21A22|ξ1|2|ηN |2
+A11A
∗
22η1ξ
∗
1 exp (−2iϕ1)|ξN |2 −A12A∗22η1ξ∗1 exp (−2iϕ1)ηNξ∗N +A21A∗22|ξ1|2|ξN |2 − |A22|2|ξ1|2ξ∗NηN ,
(D3)
ρ22 = |A11|2|η1|2|ξN |2 −A∗11A12|η1|2ηNξ∗N +A∗11A21η∗1ξ1 exp (2iϕ1)|ξN |2 −A∗11A22η∗1ξ1 exp (2iϕ1)ηNξ∗N
−A∗12A11|η1|2η∗NξN + |A12|2|η1|2|ηN |2 −A∗12A21η∗1ξ1 exp (2iϕ1)η∗NξN +A∗12A22η∗1ξ1 exp (2iϕ1)|ηN |2
+A∗21A11η1ξ
∗
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